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Abstract We introduce and discuss a generalized electron-pair radial density func-
tion G (g; a) thatrepresents the probability density for the electron-pair radius |r| +ar |
to be g, where a is areal-valued parameter. The density function G (g; a) is a projection
of the two-electron radial density D;(ry, r2) along lines r; + aro £ g = 0 in the ryr;
plane onto a point in the ga plane, and connects three densities S(s), D(r), and T'(¢),
defined independently in the literature, as a smooth function of a: For an N-elec-
tron (N >2) system, S(s) = G(s;+1),D(r) = 2G(r;0)/(N — 1), and T (¢) =
G(|t]; —1)/2, where S(s) and T () are the electron-pair radial sum and difference
densities, respectively, and D(r) is the single-electron radial density. Simple illustra-
tions are given for the helium atom in the ground 1s” and the first excited 1s2s 3S
states.

Keywords Electron-pair densities - Radial densities - Radial holes - Helium atom

1 Introduction

The electron-electron radial hole [1-10] implies that under certain conditions, any
two electrons in many-electron atoms cannot be on the same sphere centered on the
nucleus, irrespective of its radial value. In a recent paper [11], the electron-pair radial
sum S(s) and difference 7 (¢) density functions, defined by
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S@s) = /drl/drz 8[s — (r1 + r2)1 Da(r1, r2), (1a)
0 0

T() = / dr / dry 81t — (11 — r2)] Da(r1, r2), (1b)
0 0

were introduced and examined to obtain deeper insights into the electron-electron
radial hole, whichresultsin 7(0) = 0.In Eq. 1, §(x) is the one-dimensional Dirac delta
function (see, e.g., Ref. [12]) and D;(rq, r7) is the two-electron radial density function
(see, e.g., Ref. [7] and Sect. 2). The density functions S(s) and T (¢) are the probability
densities for the sum r; + rp and difference r; — r» of two electron radii r; and 7,
respectively. The domains of the variables s and 7 are) < s < coand — o0 < t < 00,
and the density 7'(¢) is an even function of .

In the present paper, we introduce and study a generalized electron-pair radial
density function G(g; a) defined by

o0 o0
G(g;a) = /dr1 /drz 8(g — |r1 +arz2|) Dy(ry1, r2), (2)
0 0

where a is a real-valued parameter and the domain of the variable ¢ is 0 < g < oo.
The replacement of 6(q — |r1 + ara|) with §(¢ — |r2 4+ ary|) in Eq. 2 does not alter
the definition of G(q; a), corresponding to the indistinguishability of electrons. The
density function G (q; a) represents the probability density for the electron-pair radius
|r1+ar2|, and hence the electron-pair radial sum S(s) and difference 7 (¢) density func-
tions are two particular casesof G(g; a) : S(s) = G(s; +1)and T () = G(|t|; —1)/2.
Another interesting case occurs whena = 0: wehave D(r) = 2G(r; 0) /(N —1) where
D(r) is the single-electron radial density defined by

2 oo o0 2 o
D(r) = ﬁ/dﬁ /drz 8(r —r1) Dy(r1,r2) = ﬁ/drz Dy (r, r2),
0 0 0

3

and N (>2) is the number of electrons. The electron-pair S(s) and T () densities and
the single-electron D(r) density are essentially different in nature. Nevertheless, the
new density G(q; a) connects them as a smooth function of the parameter a. Mathe-
matical properties of the generalized electron-pair radial density G (g; a) are examined
in the next section. Derivatives of G(q; a) with respect to ¢ and a are discussed in
Sect. 3, as well as extremum properties of G(q; a). In Sect. 4, simple illustrations
are given for the helium atom in the ground 1s? and the first excited 1s2s >S states.
Throughout this paper, the normalization of the densities is
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ro7 i N—1 [ NN =1
/drl/drz Dy (r1, r2) =/dq G(g;a) = T_/dr D(r) = %
0 0 0 0

“)

where N(N — 1)/2 is nothing but the number of electron pairs. Hartree atomic units
are used in Sect. 4.

2 Electron-pair radial density functions
2.1 Two-electron radial density

We first summarize the properties of the two-electron density D;(rq, r2), based on
which the generalized electron-pair radial density G(g; a) is defined in Eq. 2. For a
normalized N-electron (N > 2) wave functions W(xy, ..., Xy) with x; = (r;, s;)
being the combined position-spin coordinate of the electron i, the two-electron radial
density function D> (r1, r2) is given by

N(N — 1
(T)rlzrg/dﬂldﬂzdsldszdm o dXN VXD, . X))

&)

D;(r1,1r2) =

where (r;, €2;) is the polar coordinate of the vector r;. The two-electron radial density
represents the probability density that one electron is located at a radius r; and the
other electron at a radius r, simultaneously.

The function D> (r1, r2) is meaningful only when 1 > 0 and r, > 0, and for such
values of ry andra, D2 (71, r2) > 0. The density is symmetric, Dy (2, r1) = Da(r1, 12),
due to the antisymmetry of the parent wave function. We consider atomic systems and
hence the density vanishes if either or both of r| and r; is 0 or oo;

D>(0,r) = Da(r,0) = Dy(00, 1) = Da(r,00) =0 (6a)

for any r. We assume that D; (r1, r2) is infinitely differentiable with respecttor; and r».
Since D (r1, r2) is proportional to r12r22, partial derivatives of D;(rq, rp) satisfy

DY, r) = DYV (r,0) = DS (0, r) = DSV (r,0) = 0 (6b)
for any values of 7 and k, where £ (x, y) = 8"%" f(x, y)/dx™dy".
2.2 Generalized electron-pair radial density
By the definition (Eq. 2), the generalized electron-pair radial density function
G(q; a) is the probability density for the electron-pair radius |r| 4 arz| to be g for

a given real-valued parameter a. An alternative statement is that the density func-
tion G(g; a) is a projection of the two-electron radial density D> (rq, r2) along lines
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r1 + ary & g = 0 in the r1ry plane onto a point in the ga plane. If we assume that
the original variables r1 and r, are along the vertical and horizontal directions in the
r1r2 plane, respectively, then the new variable ¢ defines the vertical intercepts and
the parameter a sign reversed does the slope of the “probe” lines r| + ar, &g = 0.
Depending on the values of ¢ and a, the prove line covers all possible lines in the
r1ry plane except for r, = positive constant lines, which give the same results as
r1 = positive constant lines.

From Eq. 2, it immediately follows that the generalized electron-pair radial density
function G(g; a) explicitly takes the form

Gi(g;a), a=>0
G(g;a) =7 Go(q), a=0 (7a)
G_(q;a), a<0

where
q/a
Gi(g;a) = / dr Dy(q —ar,r), (7b)
0
o0
Golq) = / dr Da(g. 1), (70)
0
o0 o0
G_(q;a) = / dr Dy(—q —ar,r) +/dr Do>(qg —ar,r). (7d)
—q/a 0

If appropriate limiting procedures a — 400 are applied to Eq. 7b and d, respectively,
we find G4 (q; 00) =0 and G_(g; —oo) = 0 for any value of g. When a = +1, we
see that the density G (q; a) is identical to the electron-pair radial sum density S(s)
given by Eq. la or G4+ (s; +1) = S(s). When a = —1, on the other hand, we have
a relation G_(t; —1) = 2T, (¢), where T4 (t) is the ¢+ > O part of the electron-pair
radial difference density 7'(¢) given by Eq. 1b. Since 7' (¢) is [11] an even function of
t, we also obtain an alternative relation 7' (1) = G_(|t|; —1)/2. As clear from Eq. 3,
the density G (q; a) with a = 0 is nothing but the single-electron radial density D(r)
multiplied by (N — 1)/2 or Go(r) = (N — 1)D(r)/2. At present, we do not know
whether the density G(q; a) has “good” physical significance for other values of a.
From Eq. 6a, we see G4+(0;a) = G4(oo;a) = 0 for any a (> 0), Go(0) =
G(00) =0, and G_(00; a) =0foranya (< 0),but G_(0; @) > 0in general. We find
from Eq. 7b—dthat G4 (q; a) = Go(g) whena — 0+ and G_(gq; a) — Go(gq) when
a — 0—. Namely, the generalized electron-pair density G(g; @) is a smooth function
of the real-valued parameter a. The result implies that apart from some constant fac-
tors, the three different densities S(s), 7'(¢) and D(r) are smoothly connected via the
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value of the parameter a. It is interesting to observe that the densities S(s) and 7 (¢) are
two-electron in nature, while the density D(r) is one-electron in nature. Nevertheless,
the parameter a in G(g; a) combines them together.

3 Derivatives of G(q;a) and extremum properties
3.1 Derivatives with respect to g

Consider the function G 4 (q; a) first. From Eq. 7b, we obtain after some manipulation
that the nth derivative (n > 1) fo)(q; a) of G4 (q; a) with respect to ¢ is

q/a n—1
G (q;a) = / dr DY (g —ar.r) + 3> a " DIV 0.g/a).  (8a)
0 k=0
At the origin ¢ = 0, we then have
n—1
G 0:a) = d" DI (0, 0), (8b)
k=0

in general. However, combination of Eq. 8b and Eq. 6a—b with r = 0 results in an
important fact that Gi')(O; a) always vanishes for n = 0 — 4, and the first nonzero
term is Gf) 0;a) = a_?’D;z’z) (0, 0). In other words, the Maclaurin expansion of the
function G4 (g; a) reads

a—3D$(0,0)

5 7+ 0(q%, (8¢)

Gilgia) =
and G (g; a) shows a quintic behavior at the origin. The value of the parameter a
changes the coefficient value, but does not affect the quintic dependence on ¢, as long

as a is positive.
Next, the nth derivative Gg')(q) of Go(q) is

o0
Gy (q) = / dr DY (g, ). (%a)
0

Because of Eq. 6a and b, Gf)")(O) vanishes for n = 0, 1 and the Maclaurin series of
Go(g) is

o0
1
Golg) = 5 / dr D$*20,r) | ¢* + 0(¢Y), (9b)
0
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and Go(g) shows a quadratic behavior at the origin.
Finally, the nth derivative G(_")(q; a) of G_(q; a) with respect to g is obtained as

o0 n—1

G(_n)(q; a) = (=" / dr Dén’o)(—q —ar,r)— Zak_” Dé"’”"““(o, —q/a)
—q/a k=0
o
(n,0)
+/dr Dy (g —ar,r). (10a)
0
At the origin ¢ = 0, Eq. 10a gives
o
G™0:a) =1+ (—1)"] /dr DY (~ar,r)
0
n—1
—(=)" > a0, 0). (10b)

k=0

If Eq. 10b with n = 1 is combined with Eq. 6a and b, we find G (0; a) = 0 for any
a (< 0). Therefore G_(gq; a) always has a local extremum at ¢ = 0. The leading term
of G_(gq; a) for a small value of ¢ is a positive constant and

oo

G_(q;a) =2 /dr Dy(—ar,r) | + 0(g?), (10c)
0

in general. The value of the parameter a changes the constant in Eq. 10c, but does not
change the leading ¢ dependence so far as a is negative.

The above analysis shows that the density G (¢; ) and its first derivative GV (¢; a)
with respect to g are continuous functions of the parameter a.

The continuity in the value of a does not results in the continuity of the power of
the leading term in the Maclaurin series of the density function G (q; a) with respect
to the variable ¢g. The power jumps among 0 (@ < 0),2 (@ = 0), and 5 (a > 0)
depending on the sign of a. We also note that the leading term in the Maclaurin g
series of G(g; a) is related to a derivative at the origin of the two-electron density
D> (r1, r2) when a > 0, but is to a definite integral of D (rq, r2) whena < 0.

If there exists an electron-electron radial hole [1-10], we have D;(r, r) = 0 for any
value of r. The nth derivative of the relation implies

IIOEDY (Z) D" Py =0 (11)

k=0
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for any values of n and r, in addition to the properties given in Eq. 6a and b. Accord-
ingly, the appearance of the radial hole “shifts” the Maclaurin series of G(q; a): When
a >0, Gf) (0; a) vanishes and Eq. 8c must be modified as

a=*D$(0,0) +a3DS?(0,0)
q

A ° 1+ o). (12a)

Gi(q;a) =
Moreover, Gf) (0; @) or the leading term of Eq. 12a is zero if @ = 41 and hence

200, 0) + DS (0, 0)

5 g+ 0(@q®. (12b)

Gi(g;+1) =

as reported in Ref. [11] for the electron-pair radial sum function S(s). The property
D» (r, r) = 0 makes the constant term in Eq. 10c vanish fora = —1, and the Maclaurin
series of G_(g; —1) reads

o0
G (¢;-1)=2 / dr DV (r,r) | ¢ + 0(¢%), (12¢)
0

as known [11] for the electron-pair radial difference function 7 (¢). However, Eq. 12c
is not true for other values of a(<0). The series for Go(q) (Eq. 9b) remain unchanged
by the radial hole. When there are radial holes, we conclude that the power of
the leading term in the Maclaurin series of the function G(g;a) jumps among
0 (a < 0except —1),2(a =0and —1),6(a > 0 except + 1), and 7(a = +1). The
presence of radial holes has significant meaning in the Maclaurin g series of the gen-
eralized electron-pair radial density. Though it depends on a particular value of the
parameter a, the radial hole generally shifts the density G(g; a) towards larger g and
the probability of finding a larger value of the radius [r| + ar»| increases, as long as
q is not large. The result further suggests that when a > 0, the probability of finding
electrons in the vicinity of the nucleus is small, if there is an electron-electron radial
hole.

3.2 Derivatives with respect to a

A general expression for the nth derivative G[f] (g; a) of G4+ (gq; a) with respect to the
parameter a is not simple. Therefore, we show the first two cases instead.

q/a
GW(g:a) = —qa™2D1 (0, q/a) — / drr D" (g —ar,r), (13a)
0

2 _ — 1,0 - 0,1
G (q; a) = 2ga>D2(0, g/a) + ¢*a3 D0, g /a) + ¢*a~* DSV (0, g fa)
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+ [ drr? DO —ar, 1), (13b)

o\g

where all the terms except the two definite integrals vanish due to the property (Eq. 6a
and b) of D, (r1, r2). For a small value of a (> 0) and g # 0, we thus obtain

oo oo

Gi(g;a) = /dr D>(q,r) | — /dr r Dél’o)(q,r) a+ 0@, (14
0 0

where the first term is identical to the function Go(g). The result is consistent with
the previous statement that G4 (q; a) — Go(g) whena — 0+.

Analogously, the first G[_l](q; a) and second G[_2] (g; a) derivatives of G_(g; a)
with respect to a are found to be

o0
G a) = —qa > D2(0, —q/a) — / drr DY (=g —ar,r)
—q/a
o
—/dr r Dgl’o)(q —ar,r), (15a)
0
G2 a) = 2947 D1(0, —q/a) — ¢*a> DS (0, —q/a)~q*a~* DY (0, =g /a)
o o0
+ / dr r? Déz’o)(—q —ar,r)+ /dr r? Déz’o)(q —ar,r), (15b)
—q/a 0

where all the terms except the four definite integrals vanish again. Taking the limit
a — 0—, we find the Maclaurin a series of G_(g; a) for g > 0 reads

o0 o0
G_(q:a) = /dr Da(q,r) | — /dr r D", 1) | a+0@®, (16)
0 0

which is identical to that of G1(g; a) or Eq. 14. The density G(gq; a) and its first
G“](q; a) and second G% (g; a) derivatives with respect to a are continuous func-
tions of the parameter a.

For a small positive value of a, Eqs. 14 and 16 imply that if ¢ > 0,

G(g; a) + G(g; —a) = 2Go(q) + 0 (@), 7)

and the functions G(q;a) and G(g; —a) are approximately “inversion symmet-
ric” with respect to G(gq;0) = Go(g) in the sense that G(g;a) — Go(g; 0) =
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Go(gq; 0) — G(g; —a) forany g (>0). An alternative view of Eq. 17 is that interest-
ingly, the sum of the two-body densities G(q; a) and G(gq; —a) is twice the one-body
density Go(g) to the first order of a. For a special case of ¢ = g, which is defined
in the next paragraph, the linear coefficients in Eqgs. 14 and 16 vanish and hence
G(q; a) = G(q; —a) = Go(q) to the first order of a.

In addition to the properties given by Eq. 6a and b, the work of Ahlrichs et al.
[13] shows that the two-electron density Dy (r1, r») includes exponentially decaying
factors exp[—(ary; 4+ Bra)] and its r| <> rp substitution, where the positive constants ¢«
and B are related to the ionization potentials in the exact case. Then the first derivative
Dél’o) (r1, r2) should have both positive and negative values depending on r and r».
For particular values of g = qo, it is possible to happen

o
6! 04) = 6qu: 0-) = [ ar r D (go.r) = 0. (18)
0

where the definite integral means the first moment of the derivative Dél’o) (r1,rp) at
r1 = qo. When Eq. 18 holds, the Maclaurin series (14) and (16) are quadratic functions
of a, and the one-electron density value G (qo) is a local maximum or minimum of the
two-electron density values G (qo; a) as a function of the parameter a. In this case, the
a = 0 line in the ga plane, which generates the single-electron density D(r), always
passes local minima and/or maxima of the electron-pair function G(q; a), though we
cannot theoretically predict the numbers of such local minima and maxima. In other
words, local minima and maxima appearing in the single-electron radial density D(r)
are candidates of local minima and maxima in the electron-pair radial density G(q; a).

Analogous consideration about the first derivative Dél 0 (r1,rp) shows that at
q = 0, there will be a particular value ag(<0) for which

o0
G10; ag) = —Z/dr r D" (—agr,r) =0, (19)
0

and hence the function G_(g; a) is locally maximal or minimal at (¢, a) = (0, ap),
i.e., the condensation of the two-electron density D> (ry, r2) along the line | +agr> =
0 (ap < 0) has a local maximum or minimum compared to the other lines passing the
origin (r1, r2) = (0, 0).

As mentioned in Sect. 2.2, the density function G (q; a) reduces to the electron-pair
radial difference density T (¢), the single-electron radial density D(r), and the elec-
tron-pair radial sum density S(s), when the parameter a takes the values —1, 0, and
+1, respectively. The analyses of the function G(g; @) in this Section show that the
electron-pair density G(q; a) and its a = 0 cross-section D(r) share some of their
own local minima and maxima. However, the remaining two values of the parameter a
do not provide cross-sections of the function G (¢g; a) with any particular mathematical
characteristics.

@ Springer



J Math Chem (2010) 48:988-1000 997

4 Simple illustrations

We first illustrate analytical aspects of the density function G(g; a) using an approx-
imate wave function. In the Kellner approximation [14], the wave function for the
ground-state He atom is

W(x1.X2) = (07 /m) expl—¢ (r1 + r)le(s1)B(s2) — Bls)a(s2)]/v/2,  (20)

where ¢ is a positive-valued parameter. The associated two-electron radial density
function D, (1, r2) is found to be

Da(r1, r2) = 16¢%rEr3 expl—2¢ (r1 + r2)]. 1)

Based on Eq. 7b—d, the three functions G (gq; a), Go(g) and G_(gq; a) are obtained
as

G+(q; a) = 4¢ b2[(3a* — 3abiq + b*¢*q%) exp(—2¢q/a)

—(3a® + 3abtq + b*%q%) exp(—2¢ )], (22a)

Golq) = 4¢°q* exp(—2¢q), (22b)
G_(g:a) = —4¢ b—>(3a® + 3abiq + b*¢*q*)[exp(—2¢q) + exp(2L g /a)],

(22¢)

where b = a — 1. Analyses of these functions explicitly confirm various proper-
ties of the density function G(g; a) discussed in the previous sections. Note that an
appropriate limiting procedure yields G ¢ (q; +1) = (8/15)¢%¢° exp(—2¢q).

To catch a graphical idea about the new density function G(g; a), we examine
the 1s” ground state of the helium atom using a configuration interaction (CI) wave

10 T T T T T T

Fig. 1 The electron-pair radial density G(g; a) for the 1s2 ground state of the helium atom. The contour
values are 0.05, 0.1(0.1)1.2 from the outermost contour
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Fig.2 The electron-pair radial density G (g; a) for the 1s2s 3§ state of the helium atom. The contour values
are 0.05(0.05)0.95 from the outermost contour. Dotted contours mean valleys

function with the Clementi—Roetti function [15] supplemented by extra four s, five
p, and five d Slater-type functions. Figure 1 shows a contour plot of the electron-pair
density G(g; a). We find the contour surface has no definite symmetry. Three ver-
tical cross-sections along the dashed lines give the known densities 7 (¢), D(r), and
S(s), respectively, which are indeed found to be connected by the function G(q; a)
in a smooth manner. In the present approximation, the global maximum of G(g; a)
is observed at ¢ = 0 and ap = —0.55 where Eq. 19 is valid. There is a secondary
local maximum at ¢ = 0.64 and a = 0.07, but there are no local minima. Thus, the
probability density D;(r1, r2) is largest along the line 1 = 0.55r; or r» = 0.55r;
among various lines in the r17; plane. The secondary local maximum of G(g; a) lies
close to the global maximum of D(r) given by a = 0 and g = 0.57. The approximate
inversion symmetry given by Eq. 17 is also observed in Fig. 1 around a = 0; contours
in the vicinity of @ = 0 are well approximated by straight lines.

We next consider the 1s2s 3S state of the helium atom in a CI calculation with the
same basis set as the ground state. The 1s2s >S state has a radial hole in any approxi-
mate or exact descriptions, and our major concern is how the radial hole emerges in the
function G (¢; a). Figure 2 plots a contour map of G(g; a) for the 3S state. When com-
pared with the ground state map, we first find that the contours extend to larger g values
in the 38 state, reflecting the diffuser character of the excited state density distribution.
The density function G(g; a) is rather complicated in the S state: it has four local
maxima and two local minima. The local maxima are located at (¢, a) = (0, —0.11),
(0.50, 0), (2.29, —0.72), and (0, —4.80) in the order of higher peak. The first coor-
dinates give the global maximum implying that two electrons are most probable on
the line 1 — 0.11r = 0 in the rr; plane. The secondary maximum of G(g; a) at
(g,a) = (0.50, 0) is nothing but the global maximum of the single-electron density
D(r) due to electrons in 1s region. The secondary and broader maximum in D () due
to electrons in 2s region, appearing at r = 3.54, lies merely on a ridge of G(q; a).
The local minima are located at (¢,a) = (0, —1) and (1.45, —0.16) in the order
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of deeper valley. At the first minimum, the density G(0; —1) is exactly zero and this
point is the radial hole of the 1s2s 3S state. The two electrons have zero probability
density to be on the r; —rp = 0 line or the two electrons cannot be on the same sphere.
The G(g; a) contour map shows that there exists the secondary local minimum which
can be regarded as a “quasi radial hole”: At the point (¢,a) = (1.45, —0.16) or
along the line r; — 0.16r, = £1.45, the two electrons are less probable compared to
neighboring points or lines, though the probability density is not zero. The presence
of the quasi radial hole is found for the first time by the use of the electron-pair radial
density G(g; a) introduced in this study.

5 Summary and remarks

We have studied a generalized electron-pair radial density function G(g; a) that rep-
resents the probability density for the electron-pair radius |r| + ar;| to be ¢, and is a
projection of the two-electron radial density D> (r1, r2) along lines r; +arp £ =0
in the r;r; plane onto a point in the ga plane. The density G(g; a) connects the elec-
tron-pair radial sum density S(s), the electron-pair radial difference density 7'(¢), and
the single-electron radial density D(r), defined independently in the literature, as a
smooth function of real-valued parameter a. Simple illustrations of the density func-
tion G(¢; a) have been given for the helium atom in the ground 1s? and the first excited
1s2s 3 states, and the presence of the quasi radial hole has been pointed out for the
first time. We hope the present results are useful in density functional studies based
on the spherically-averaged pair density (see, e.g., [16,17]).

It is possible to introduce another electron-pair radial density function g(g; a, b)
with two real-valued parameters a and b,

o0 o0
¢(gia.b) =/dr1/dr28<q—|ar1+br2|> Da(r1, 12), 23)
0 0

which is apparently more general than G(g; a) examined in this study. However, a
scaling relation [12] of the Dirac delta function yields that if a # 0, g(g; a,b) =

LG ( L h) and hence g(q; a, b) is isomorphic to G(g; a). If a =0and b # 0, we

lal~ \lal> a

have g(g;0,b) = ﬁGo (I?TI)' The information contents of g(g; a, b) and G(q; a)
are equivalent.
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